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Let H be a Hilbert space and A be a linear continuous operator from H 
into itself. Consider then an H-valued almost-periodic function h(t) (in the 
sense of Bochner [2]) and the differential equation 
u’(t) = Au(t) + h(t). (1) 
We say that (1) has Bohr-Neugebauer property when, given an arbitrary 
almost-periodic right-hand side h(t), any bounded on -co < t < +co 
solution u(t) of (1) is likewise almost-periodic. 
In the case of H = finite-dimensional euclidean space, any differential 
Eq. (1) has Bohr-Neugebauer property (see Bochner [3]). 
In an arbitrary Hilbert space, we considered the Eq. (1) with A being a 
self-adjoint (generally unbounded) operator, and we proved Bohr-Neuge- 
bauer property (see Zaidman [7, 81). 
The case of compact operator A has been recently considered by R. Cooke 
[41* 
Here we shall prove Bohr-Neugebauer property for operators A = A, + B 
where A, is a bounded self-adjoint operator and B is a “nice” linear bounded 
perturbation. We must, however, put an additional restriction on the operator 
A, , namely, 
h = 0 is not an eigenvalue of A, (i.e., A,x = 0 3 x = 0). (2) 
In fact if we take A, the null operator, and B = iC, where C is bounded 
self-adjoint, then the conditions below, i.e., (3), (4), (5) are verified, but (1) 
does not necessarily have the Bohr-Neugebauer property. In fact, taking 
h(t) = 0 for any t, we see that the unitary group exp(iCt) is not necessarily 
strongly almost-periodic in H. 
Let us consider a bounded symmetric operator A in H, verifying condi- 
tion (2). We assume the case when 0 < A, < 1, where 0 is the null operator 
and I the identity operator in H. 
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We shall now assume that a linear continuous operator B, H--f H is given, 
which commutes with A, : 
A,B = BA, (3) 
Let us consider now the spectral family of A,, , (EA)Ta . We introduce the 
orthogonal projections F, = Eilna - El,(n+l)a and we assume two comple- 
mentary conditions on B: 
SUP II eqW’,$)li < 00, Vn = 1, 2,... (4) --m < t<m 
YF’nW ; CzP)) 
f IlBFnII < 00 (5) 
n=l 
(i.e., the series x:=1 BF,, is absolutely convergent in the operator norm). 
We have then: 
THEOREM. Under the above given assumptions (2)-(5), Eq. (1) with 
A = A, + B possesses the Bohr-Neugebauer property. 
Remark. If we take B = iC, where C is bounded self-adjoint and 
CA,, = A&, then BF, = iCF,; we know that CF, = F,C and this implies 
that CF,, is again bounded self-adjoint; consequently, exp(B,t) = exp(iCF,t) 
and 11 exp(B,t)ll = 1. 
COROLLARY. At least the diffuential Eq. (1) with A = A,, + iC and A, 
and C bounded symmetric, 0 # u,(A,), A,C = CA, possesses Bohr-Neugebauer 
property, provided that Cz=‘=, /I CF,, 11 < CO. 
This last condition is also verified in some special cases; take, in fact, 
A = A, + if(A,), where f(h) is real-valued continuous on 0 < X < 1. 
Hence, if 
A,= lAdEA 
s 0 
we deduce 
Now, 
f(Ao) = ff(4 d-Q 
0 
f(A,)F, = rz f@)dE, 
1l(n+1P 
and 
Ilf(AJFn 11 G *,(n+l)"~Ail,n* IfO)l = 792 - max 
So it is enough to assume &3/n < co; for example, it holds for 
f(h) = sin A. 
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Proof of the Theorem. We assumed 0 < A, < I; this implies E,, = 0 for 
h < 0. Eh = I (the identity operator) for X > 1. 
Now using our hypothesis (2) we know that EA is strongly continuous in 
x = 0. It follows 
E, = 0 and ,& EliNz x = 0, VXEH. -f 
Consequently, for any x E H, we have the strongly convergent in H repre- 
sentation 
x = f (Elln.z - El,ln+ljJ x = f F’x. 
n=l n=l 
Let us take now an almost-periodic function, H-valued, h(t) and a bounded 
on - OD < t < + co solution u(t) of the differential equation 
u’(t) = (A, + B) u(t) + h(t); 
we deduce, applying in right and left sides the projection operators F,, , the 
equality 
PnW) = Fn(Ao + B) u(t) + (F&)(t). 
For the commutativity hypothesis (3) we see that BF, = F,B; and if we 
use the notation: (F,u)(t) = tin(t), (F,h)(t) = h,(t) we get 
s’(t) = (A, f B)(F,u)(t) + h,(t). 
On the other part, we have F, = Fn2; so (A, + B) F,, = (A,, + B) F,,2 = 
(A,,F, + BF,) F, . Hence 
Un’W = (4Fn + BFJ 44 + h,(t) = (4, + BJ Un(t> + h,(t), 
where A,,, = Azn,B,=BFn. 
Remark also that, obviously, all h,(t) are H-valued almost periodic func- 
tions and u%(t) are bounded solutions of the above written equations. Also 
we obtain, from the definition of the operators A,,, , that 
The estimate of the norm (in the space LZ’(F,(H); F,(H))) 
II A,, II = sup I(~.,P, x)1 < $ 
Il.Vll=l 
also follows. 
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We shall prove below that all the functions un(t), n = 1, 2,..., are H-valued 
almost-periodic in the sense of Bochner. 
We already saw that x = CzCl F,x holds in H, for every x E H. As a 
corollary, we deduce the representation of our given solution u(t) as a strongly 
point-wise convergent series 
u(t) = f (FnW) = 2 +), tE(- 00, co). 
Tk=l Vl=l 
This is not sufficient, however, to ensure almost-periodicity of u(t). Let us 
consider then the series Cn=r u,‘(t) which is the sum of three series: 
Because the almost-periodic function h(t) has relatively compact trajectory, 
the pointwise convergence of the series cfr (F,h)(t) to h(t) is actually uniform 
convergence. 
Furthermore, all functions u,(t) are uniformly bounded (by the bound of 
u(t)) and, consequently, we have the estimate 
which implies the uniform convergence on --co < t < + co of the series 
f h%n%)(t). 
n=l 
Finally, we have also the estimate 11 Bnun(t)llH f L /I B, II~CN,H) and using 
hypothesis (5) we get the uniform convergence of the series cf, B,u,(t). 
Hence the series of derivatives of un(t), x.f, un’(t) is uniformly convergent 
from -co < t < + co to H. Actually, all un’(t) are almost-periodic, because 
u,(t) and h,(t) are almost-periodic, and A,,, + B, E .Ep(H, H). 
Let us denote byg(t) the sum of the uniformly convergent series CT=1 u%‘(t); 
it is an almost-periodic function, --CO < t < +CO to H. 
Let us write also sN(t) = q(t) + ..* + UN(t); we have that 
and that 
$2 Q+(t) = u(t), for any t E (-co, +co) 
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uniformly on - co< t < +co. Moreover, using continuity of ~~‘(t) and 
applying well-known reasonings we have the equality 
TV(t) = j: s,v’(4 du + ~(0). 
Here we can pass to the limit under the integral sign, using uniform con- 
vergence. For N -+ co, we obtain 
~(0 = j;g(u) du + 4% tE(-q+00). 
Furthermore, u(t) is bounded, g(u) is H- a most-periodic, 1 and H is a Hilbert 
space. Applying a well-known result of L. Amerio (see [l, 6]), we get the 
almost-periodicity of u(t). So, the theorem is proved provided we prove also 
the almost-periodicity of all u,(t), n = 1, 2,... . This is done below. 
Almost-periodicity of the functions un(t), n = 1, 2,... . We know that all un(t) 
are bounded solutions of the equations (for n = 1,2,...)-in the space (F,H) 
Un’W = (A,,, + Bn) 44 + k(t). 
But these equations possess no more than one bounded solution. Otherwise, 
we could find a bounded solution, nonidentically null, wn(t) of the equation 
w,‘(t) = (A,,, + B,) w,(t). Th’ IS will have the obvious representation (valid 
in F,(H)). 
w4t) = exp((A,,, + WV - 4) w,(u) for any real t and U. 
We have furthermore, using commutativity of A,,, and B, , the equality 
exp((A,,, + Bdt - 4 = exp(Ao,& - 4) * exdB& - 4) 
and hence also the estimate (taking norms in 9(3’,(H); F,(H))) 
II exp((Ao,, + %N - u>)II G II exNO,& - 4Il 
II expP,(t - 4I < 4 II expb%,& - 411 
(using (4)-and taking for (1, an upper bound for 
II exGLt)ll --oo<t<+oo). 
-WnW F,(H)) 
Now we shall remark that, using relation 
(A 0.n +4 3 & II 2 II2 V x E F,(H) 
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for i < 0, the estimate Ij exp(L&,,)li Y(F,(H); 
C onsequently, for u > t, we have 
When o+ co and t is kept fixed, we get zun(t) = 8, absurd. 
Now, one bounded solution of the equation 
%3’(t) = M-L, + Bn) %(t) + h,(t) 
is given by the integral (in the space F,(H) 
- 
s 13 exp(4,, + B,)(t - 4 h,(o) da. t 
In fact, it is easy to check the absolute convergence of the integral and the 
other properties we ask for. Moreover, it is easy to check the almost-period- 
icity of the integral. By the uniqueness of the bounded solutions which was 
proved above, necessarily we have 
G@) = - 1: exp(M,,, + &At - 4) k(o) do; 
hence we prove the almost-periodicity of u%(t) for any n = 1, 2,... . 
Remmk. Similar reasonings apply in proving the almost-periodicity in the 
D(R*)-norm of L2(R”)-b ounded solutions of the parabolic equation: 
Ut(X, t> = i %,r,(% t) + i ~j%cj(X, t) +f(x, t)* 
i=l j-1 
where x = (X I,...,~n), aj are real constants, andf(x, t) is L2(Rn) almost-periodic. 
The proof starts taking Fourier transform with respect to x. Then we proceed 
as in our paper [5]; and the perturbation induced by the first-order differen- 
tial operator 
is handled in a way similar to the above-given reasonings. (Eventually, we 
could include this situation into the general situation described above, taking 
H = L2(R), A,cj = -(s12 *a* s,y+, 
B+ = i (i a,~) , b’# E Ls(R’9, 
j=l 
and applying Fourier-Plancherel theorem.) 
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